Abstract. We develop the formulae for the position and first-order astigmatism of the ordinary and extraordinary images formed through an uniaxial birefringent wedge when the incident beam is not collimated. The variation of this position as a function of the characteristic parameters of the system under consideration is analysed.
Introduction
The use of birefringent prisms as polarizers or interferometers is still frequent nowadays. For this reason the study of uniaxial wedges, which compose many of these devices, is important [1] [2] [3] .
Double refraction in birefringent crystals is one of the possible methods of splitting a light beam into two coherent beams which are polarized in defined directions. An interferometer which employs this method of beam division is called a polarization interferometer. Its advantage with respect to other kinds of interferometers is, principally, its great stability.
The classical method [2] of finding the interference pattern of these interferometers consists in using the differences in optical pathlengths of the waves inside the crystal. Since the wave normal does not have the same direction as the ray, it encounters difficulties which can be solved only in simple cases and, in an approximate way, for plane parallel uniaxial plates. Wedges are only studied for a parallel incident beam with normal incidence.
In this paper we present an analytical method of obtaining the images formed by a uniaxial birefringent wedge, when the incident beam is not parallel.
We take as a starting point our previous analytical studies of image formation in plane parallel plates [4, 5] , where we gave expressions for the position of the images up to first order in the incidence angle. These images usually present the peculiarity of being astigmatic up to first order and this shows the effects of anisotropy of the material even for geometries which have no anisotropy, as is the case of a plane parallel plate. The results we obtained for plane parallel plates were used by McClain et al [6] to study the aberrations of a depolarizer composed of two wedges. In their paper McClain et al approximate the wedges as plane parallel plates.
The objective of this paper is to obtain the images formed by a wedge, of this position, as a function of its angle and of the other characteristic parameters of the system. For this, we calculate the positions of the images for an anisotropic wedge with its optic axis in an arbitrary direction. The development is carried out in two steps: (i) expressions for the image positions as functions of the components of the incident and refracted beams are obtained, without specifying the kind of material and (ii) the relations between the refracted and the incident rays for interfaces of an isotropic medium-uniaxial crystal are written.
Image formation in wedges with a converging beam
We consider an incident beam as shown in figure 1 . The initial convergence point of this beam is gi dven by the coordinates (x i , 0, 0), where x i is positive or negative for a converging or a diverging beam, respectively. When the beam is refracted at the first and second surfaces it will converge to the final image which we want to determine and which, in general, will not be a point. First we solve the geometric problem to find the zone where the beam will finally converge as a function of the unit vectors incident on the wedgeS and of the directions of the refracted beams.
To obtain the coordinates of the converging point we follow the paths of the rays. The incident rays intersect the first surface of the wedge and are refracted inside the plate. The rays which travel through the interior of the wedge intersect its inferior surface and there are again refracted towards the exterior medium. At the exit, the rays intersect at the point r f = (x f , y f , z f ). Since the cuttings of the wedge in planes (x, η) (for η an arbitrary direction in the plane (y, z)) are different for each (x, η), we calculate the convergence for the fan of rays which are on the characteristic planes (x, z) and (x, y); this will give us an idea of the total convergence of the beam. On the other hand, the method can be applied in the same way to any other cutting, changing only the equations which characterize the intersection of the interface wedge-isotropic medium with the plane under consideration. . The x axis is taken such that the incident rays converge to the point (x i , 0, 0) in the absence of the wedge. The y axis is taken parallel to the edge of the wedge (AB) and it is perpendicular to the x axis. The z axis is perpendicular to the x and y axes. The incident beams converge at the point (x i , 0, 0). The angles are taken positive for counter-clockwise (i > 0, i * < 0, ξ 1 < 0 and ξ 2 > 0). ξ is the wedge angle and it is always positive.
Cut (x, z)
The cut which we are going to study is that of figure 2 , where the incident rays converge at the point (x i , 0, 0) and intersect the first surface of the wedge at the points m or m * if they are incident from the negative z axis or from the positive one, respectively. At these points the refraction of the light inside the wedge is produced. The interior rays intersect the inferior surface at the points p or p * and there a refraction again takes place, this time towards the exterior medium. Finally, the intersection of the refracted rays will give the image position. We only need to obtain the expression for the points m, m * , p and p * in terms of the geometric characteristics of the wedge and of the incident cone of rays.
To do this we start by obtaining the points m and m * . This is achieved simply by finding the intersection of the marginal incident rays with the first surface of the wedge. The superscript 1 at the left will indicate that we are taking into account the cut (x, z); with the symbol * indicating that the rays considered are those from the negative direction of the z axis, no symbol means that the considered rays are incident from the positive direction or originate from there. The marginal incident rays converge at the point (x i , 0, 0).
To find the point m first we write the equation for the straight line which corresponds to the incident ray vector's direction, which is
The first surface is characterized by the equation
with ξ 1 < 0. Therefore,
and from the intersection of (3) with (1) we obtain the coordinates of the point m, that is to say, the point where the incident rays, from the negative z axis, intersect the first surface, i.e.
Similarly, we obtain the coordinates of the point m * , that is to say the point where the incident rays from the positive z axis intersect the first surface, replacing in (4)-(6) the components ofS by theS * ones.
The ray refracted at m will have direction
) and will intersect the inferior surface at the point p. The equation of the straight line formed by the direction of that ray is
and the equation which characterizes the inferior surface is
From equations (7) and (8) it results that the coordinates of point p are
In a similar way the ray refracted at m * will have direction
) (the subscript 1 means it is refracted at the surface 1). We find the coordinates of p * in a similar way to that used to find the coordinates of p, i.e. the point where 1Ȓ * 1 intersects the second surface.
To obtain the point of convergence of the beam that emerges from the wedge we find the intersection of the ray refracted at p, which is such that its direction is given by 1Ȓ 2 (the subscript 2 indicates refraction at the second surface) from the equation
and the ray which is refracted at p * with direction 1Ȓ * 2 is given by the equation
Writing that (12) and (13) are equal to each other we obtain the point which we want to calculate. Solving this system of equations we obtain that, for the incident fan of rays which lies on the plane (x, z), the emergent rays converge at the point (
Cut (x, y)
In this case figure 3 represents the cut of figure 1 which is used. The initial incident point is (x i , 0, 0) as in the previous case. The first surface is characterized by the equation
and the incident ray vector is
From the intersection of (17) and (18) we obtain the coordinates of point q (q is the point where the incident rays intersect the first surface of the wedge, in the cut (x, y), see figure 3 ), i.e.
The direction of the ray refracted at q is 2Ȓ 1 and its path inside the crystal is given by the equation
To find the point t where this ray intersects the inferior surface, given by we replace (20) .
The ray refracted at t emerges with direction 2Ȓ * 1 and for its trajectory we have
In a way similar to that of the previous section for the plane (x, z), we can obtain the expressions for the points q * and t * for an incident ray from the left to the normal at the first surface, only changing 2Ȓ for 2Ȓ * for the refraction in any of the planes 2S instead of 2S * .
For q * , in equation (19) .
Similarly, the ray refracted at t * , with slope 2Ȓ * 2 , will have the equation
Writing that (24) is equal to (27) we obtain the final convergence point
for the cut (x, y). We see that the general expressions for the convergence at the exit for both fans of rays considered at the entrance are different from each other (compare (28)- (30) with (14)- (16)). Usually we will have an astigmatic image with different displacements in the directions of the three coordinate axes.
These equations are valid for any medium, anisotropic or isotropic, since the expressions for the convergence points are written in terms of the rays inside and outside the wedge, but nothing was assumed about the nature of the rays. To solve the convergence in a given medium, we must know the expressions for these rays as functions of the characteristics of the medium and of the incident rays and then we must replace them in equations (28)-(30) with equations (14)-(16). Since these equations are available in an analytical way for uniaxial anisotropic media [7, 8] we solve the problem for this case.
Uniaxial anisotropic wedges
The positions of the convergence points 1 r f , for the plane (x, z) and the points 2 r f for the plane (x, y), depend on the material studied. For this reason we calculate the expressions of the refracted rays in the different surfaces of the uniaxial anisotropic wedge.
Then we have to solve the ordinary and extraordinary refraction in each particular cutting, because now not all the cuttings of the wedge have the same symmetry, as happened in the plane parallel plates. Nevertheless, this symmetry has already been taken into account in the expressions of 1 r f and 2 r f . To study the refracted rays only the expressions of the unit vectors normal to the surfaces and the directionz 3 (optic axis) have to be considered. Since for any cutting these parameters are the same, we solve the refraction in general, for any plane.
Since we are studying a uniaxial anisotropic wedge, we have to obtain the refracted rays in the interfaces to be able to obtain both the image originated in the ordinary and in the extraordinary rays. To do so we use the expressions for the rays and for the wave normals in these media which were obtained in previous papers [7, 8] .
For the extraordinary ray we must first solve the equation which gives us the refraction index n for each incident wave [7] [8] [9] by means of the equation
with w = n/n (n is the refractive index of the exterior medium). The coefficients A, B and C may be written as a function ofS, the normal to the incident wavefront,n, the normal to the surface at the point where the refraction takes place, n o , the ordinary principal refractive index, n e , the extraordinary principal refractive index andz 3 , the unit vector in the direction of the optic axis.
We obtain
(34)
Then we calculate the normal to the wavefront refracted at both surfaces by means of the general equation [9] ,
where n 1 is the refractive index of the medium from where the wave comes and n 2 is the refractive index of the medium to where the refraction takes place. These equations are valid for the refraction betwen two arbitrary media no matter whether they are anisotropic or not. In particular, we will use it here for the refraction on the first surface of the wedge (where n 1 = n e and n 2 = n ) and for the refraction on the second surface (where n 1 = n and n 2 = n b ). The indices of the media that surround the wedge n a (refractive index of the medium from where the light is incident on the wedge) and n b (refractive index of the medium where the light refracted in the wedge arrives) are known, but they are not necessarily equal.
We also have two different expressions for the normals to each interface. We obtain these normals to the interfaces from figure 2:
remembering that ξ 1 < 0 and ξ 2 > 0. Withn 1 in (36) we obtain the wave normal refracted at the first surface which is
N 1y = S y n a n (41)
where we have used that n 1 = n a and n 2 = n , and a 1 of equation (37) is
and finally the components of the unit vector in the direction of the rays are obtained [8]
with
where (z 3x ; z 3y ; z 3z ) are the components of the optic axis in the coordinate system of the surface. This ray is the one which is incident on the second surface and if the exterior medium is isotropic. We have, from (36) and (37),
since n 1 = n and n 2 = n b andn =n 2 at the second surface and we obtain
According to the convention of symbols used, these are the expressions for the rays and waves which originate in rays from the negative z direction. For those that are incident from the positive z direction, the expressions are the same, replacing the corresponding values of rays, incident waves and index n by their equivalent values with superscript *.
To find the value of the converging point r f , in a given case, it is sufficient to replace these expressions in (28)- (30) if we want the convergence on the plane (x, y) and in equations (14)- (16) if we want the convergence on the plane (x, z).
On the other hand the calculation of the position of the ordinary image is simpler since, in this case, the ray and the normal to the wavefront coincide inside the crystal and its refractive index is n. Then from (40)-(42) we get
n a n (53) R 1y ord = S y n a n (54)
and from (50)-(52) we obtain
With these expressions and the equivalent ones for incidence from the right-hand side, the convergence point for the ordinary case is obtained by replacing them in 2 r f ( plane (x, y)) and 1 r f (plane (x, z)). Since the expressions for the convergence points obtained in section 1 are fairly large and since they do not give more information than the one already Anisotropic wedge: cut (x, z) withz 3 = (− sin θ, 0, cos θ); H 1 = 0; H 2 = H , ξ 1 = 0, ξ 2 = ξ . mentioned we do not present here the result of replacing in them the expressions for the refracted rays. Nevertheless, we calculate the convergence points numerically and we plot the results obtained for different configurations.
To study a concrete example we consider that the optic axis is in the plane (x, z) (z 3 = (− sin θ, 0, cos θ)) as is shown in figure 4 . Moreover we have H 1 = 0, H 2 = H , ξ 1 = 0 and ξ 2 = ξ . For every plot we consider the same mean value of the thickness, H , and the same initial convergence point, x i (we have x i = 13 mm and H = 3 mm for a wedge of quartz with principal refractive indices n e = 1.5516 and n o = 1.5426. In the plots we vary ξ of the wedge both for the ordinary and extraordinary rays.
Ordinary image
In the ordinary case we obtain the plots shown in figure 5 and in them we see both the convergence in the plane (x, z) and in the plane (x, y). As expected, in this case the location of the images does not depend on the location of the optic axis, since these rays behave in a way similar to that of an isotropic medium. We see that the wedge angle strongly affects the location of the images, for any considered plane. In contrast the dependence on the incidence angle is much less noticeable, especially for angles less than 15
• , and this yields an image position which is nearly constant for a given incidence plane, even for incidence cones neighbouring 30
• . As expected, in the case ξ = 0
• (that is to say for a plane parallel plate) we obtain the same plot for the image position for any considered incidence plane, and this is correct because this case is equivalent to a plane parallel isotropic plate. In this case we also obtain shifts which are zero, both in the y and z axes.
When we consider wedges (ξ = 0 • ) the convergence of the rays which are incident on different planes does not coincide, and therefore the images are astigmatic. When the wedge angle is increased the shifts in the z axis also increase since the angle ξ is measured with respect to this axis. For this same reason no shifts are observed in the y axis.
Extraordinary image
In the extraordinary case we obtain the plots shown in figure 6 . In a way similar to that of the ordinary case, for the extraordinary one we also see that the convergence in both planes is different, and therefore the images are astigmatic. Neither do the convergence points for the ordinary and extraordinary rays coincide, and the two images are obtained separately.
We see that for small angles ξ , the position x of the convergence point is similar to that of a plane parallel plate, even for large incidence angles. This is not so for the shifts in the z direction since they are strongly influenced by the wedge angle. Also in this case we do not obtain apprecible shifts in the y direction for any of the considered planes. We show the plots for θ = 30
• , since in both planes variation of the image position with the different positions of the optic axis is barely noticeable in the plots for the plane (x, z), and is not observed at all for the plane (x, y).
We see that even for large incidence angles (i 25
• ) we obtain that the convergence points coincide. For large incidence angles, the extraordinary image approaches the wedge very quickly, and even more when the wedge angle is increased. On the other hand the aperture of the cone of rays at the exit decreases when the wedge angle ξ increases, since there is total reflection for smaller incidence angles. This behaviour is similar in both cuts.
Finally, we compare the images produced in both considered cuts. To do so, we define the longitudinal astigmatism as
In a similar way we can define the transversal shift as
Using equations (59) and (60) for both the ordinary and extraorinary cases we can see the variation of A l and C t with the incidence angle in the plots of figure 7 . In both cases we see that the astigmatic images draw near the wedge, but not in the same way, because when the incident angle increases, their relative separation also increases, both in the x and z axes, although to a lesser extent in the z axis. We see that the ordinary and extraordinary values of A l and C t are not noticeable in the plots.
Conclusions
In this paper we obtain analytical expressions for the positions of the images given by a wedge of arbitrary material, as a function of the directions of the incident and refracted rays when a converging beam is incident on the wedge. Therefore we are able to obtain the images given by a wedge of arbitrary material, if we know the directions of the incident and refracted rays.
As an example we show numerical results for a wedge of quartz and find that, usually, both the ordinary and extraordinary images present first-order astigmatism. This aberration depends fundamentally on the wedge angle and its dependence on the angle between the optic axis and the surface is considerably reduced.
